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ON THE RANK OF THE 2-CLASS GROUP OF SOME
IMAGINARY TRIQUADRATIC NUMBER FIELDS
ABDELMALEK AZIZI, MOHAMED MAHMOUD CHEMS-EDDIN,
AND ABDELKADER ZEKHNINI
Abstract. Let d be an odd positive square-free integer. In this paper, we
investigate the rank of the 2-class group, Cl2(Ld), of the field Ld = Q(ζ8,
√
d),
where ζ8 is a primitive 8-th root of unity.
1. Introduction
Let k be a number field and Cl2(k) its 2-class group, that is the 2-Syllow
subgroup of its ideal class group Cl(k) in the wide sens. It is known, by the
Kronecker decomposition theorem, that any finite abelian group is the direct
product of cyclic groups. Then the rank of Cl2(k) is the number of cyclic 2-groups
appearing in the decomposition of Cl(k), i.e, the dimension of the F2-vector space
Cl2(k)/Cl2(k)
2, where F2 is the field of two elements.
The 2-rank of the class group of a number field k was subject of several studies.
For a quadratic field k, using Gauss’s genus theory, one can easily deduce the
rank of Cl2(k). For biquadratic fields, in [2, 3], the authors determined all positive
integers d such that Cl2(k) is of type (2, 2)
1, where k = Q(
√
d,
√−ℓ), ℓ = 1, 2. And
for k = Q(
√
d,
√
m), with d a positive integer and m a positive prime integer, the
two papers [4, 5] investigated the rank of Cl2(k). Going in the same direction, the
authors of [6] classified all fields k = Q(
√
d, i), with d a positive integer, whenever
Cl2(k) is of type (2, 4) or (2, 2, 2). Also the paper [20] determined all imaginary
biquadratic fields whose 2-class group is cyclic. Moreover, in [11, 12], E. Brown
and C. Parry determined some imaginary quartic cyclic number fields k such that
the rank of Cl2(k) is at most 3. But what about number fields of degree > 4?
In the present work, we are interested in the rank of the 2-class group of some
imaginary triquadratic number fields, that are fields Ld := Q(
√−1,√2,√d) =
Q(ζ8,
√
d) where d is a square-free integer. Since Ld = L−d = L2d, then without
loss of generality, we suppose that d is an odd positive square-free integer. The
method and technics used are based on genus theory, the ambiguous class number
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1Cl2(k) is said to be of type (a, b, · · · , c) if it is isomorphic to Z/aZ× Z/bZ× · · · × Z/cZ.
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formula, the properties of the Hilbert Symbol, units of some number fields and
some other results of the elementary algebraic number theory.
The structure of this paper is the following. In § 2, we recall the ambiguous
class number formula and the relationship allowing to calculate the rank of the
2-class group, Cl2(Ld), of Ld. Next, we compute the number of prime ideals of
K = Q(ζ8) ramifying in Ld = K(
√
d). In § 3, we investigate the rank of Cl2(Ld)
according to classes (mod 8) in which lie the divisors of d. As applications, in
§ 4 we determine the integers d such that Cl2(Ld) is trivial, cyclic or of rank 2,
and we thus deduce the integers d satisfying Cl2(Ld) is of type (2, 2), we end this
section by giving the 2-part of the class number of Ld in terms of that of some
biquadratic fields. Finally, and as an appendix, in § 5, we present the polynomial
generating the field Ld.
Notations
Let k be a number field. Along this paper, we adopt the following notation:
• d: A positive odd square-free integer,
• ζn: An n-th primitive root of unity,
• K := Q(ζ8),
• Ld := K(
√
d),
• Ok: The ring of integers of k,
• δL/k: The generator of the relative discriminant δL/k of any extension L/k,
• δk: The absolute discriminant of the extension k/Q,
• Cl(k): The class group of k,
• Cl2(k): The 2-class group of k,
• h(k): The class number of the number field k,
• h2(k): The 2-class number of the number field k,
• h2(m): The 2-class number of the quadratic field Q(
√
m),
• N : The norm map for the extension Ld/K,
• Ek: The unit group of Ok,
• ed: Defined by (EK : EK ∩N(Ld)) = 2ed,
•
(
α, d
p
)
: The quadratic Hilbert symbol for Ld/K,
• α: The coset of α in EK/(EK ∩N(Ld)),
• r2(d): The rank of the 2-class group of Ld,
• εm: The fundamental unit of Q(
√
m),
• Wk: The set of roots of unity contained in a field k,
• ωk: The cardinality of Wk,
• k+: The maximal real subfield of an imaginary number field k,
• Qk: The Hasse’s index, that is (EL : WLL+), if k/k+ is CM,
• Q(L/k): The unit index of a V4-extension L/k,
• q(k) := (Ek :
∏
iEki), with ki are the quadratic subfields of k.
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2. Preliminaries
Let K := Q(ζ8) and Ld := K(
√
d), where d is an odd positive square-free in-
teger. It is known that OK is a principal ideal domain, consequently h(K) = 1.
Then, the 2-Syllow subgroup Am2(Ld/K) of Am(Ld/K), the group of ambigu-
ous ideal classes, is an elementary 2-Syllow subgroup satisfying the condition:
|Am2(Ld/K)| = 2r2(d), and it is given by: Am2(Ld/K) = {c ∈ Cl(Ld) : c2 = 1}. It
is also well known, according to the ambiguous class number formula for a cyclic
extension of prime degree, that
|Am(Ld/K)| = h(K) 2
td−1
(EK : EK ∩N(Ld)) .
It follows that
|Am2(Ld/K)| = 2
td−1
(EK : EK ∩N(Ld)) = 2
td−1−ed, (1)
where td is the number of finite and infinite primes of K that ramify in Ld/K and
ed is defined by (EK : EK ∩ N(Ld)) = 2ed. So the 2-rank of Cl(Ld) verifies the
relationship:
r2(d) = td − 1− ed (2)
Let us now determine the ideals of K that ramify in Ld. It is known that δLd/K ,
the relative discriminant of the extension Ld/K, is a principal ideal, its generator
will also be denoted δLd/K . As the ring OLd is an OK-module of rank 2, so there
exists α ∈ OLd , such that : OLd = OK + αOK = OK [α]. The set {1, α} is an OK-
basis of OLd, then δLd/K = discLd/K(1, α). Set α = aα + bα
√
d, with aα, bα ∈ K
and α = aα − bα
√
d, we have
δLd/K = (α− α)2
= (2bα
√
d)2
= 4b2αd. (3)
Proposition 2.1. Let d be an odd positive square-free integer. Then the relative
discriminant of Ld/K is generated by δLd/K = d.
Proof. Assume that d ≡ 1 (mod 4). We know that δQ(√d) = d, δK = 28, gcd(δQ(√d), δK) =
1 and OQ(√d) = Z[1+
√
d
2
], then OLd = OK [1+
√
d
2
]. So by formula (3), δLd/K =
4(1
2
)2d = d. If d ≡ 3 (mod 4), then −d ≡ 1 (mod 4); since Ld = L−d, so the
result. 
Corollary 2.2. Keep the hypotheses of the previous proposition. Then
1. δLd = 2
16d4, so the prime integers that ramify in Ld are 2 and the divisors of
d.
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2. The ring of integers of Ld is given by:
OLd =
{
Z[ζ8,
1+
√
d
2
] if d ≡ 1 (mod 4),
Z[ζ8,
1+
√−d
2
] if d ≡ 3 (mod 4).
Theorem 2.3. Let d be an odd positive square-free integer. Then the number
of primes of K which ramify in Ld is 2(q + r), where r is the number of prime
integers dividing d and q is the number of those which are congruent to 1 (mod 8).
Proof. Using the theorem of the cyclotomic reciprocity law (see Theorem 2.13 of
[22]), one can verify that, if p is a prime integer such that p ≡ 1 (mod 8), then
there are exactly 4 primes of K lying over p. If p 6≡ 1 (mod 8), then there are
exactly 2 primes of K above p. By Proposition 2.1, the primes of K which ramify
in Ld are exactly the divisors of d in OK . So the number of primes of K which
ramify in Ld is 4q + 2(r − q) = 2(q + r). 
We end this section by the following corollary. Note that K is a biquadratic
extension, then ed ∈ {0, 1, 2}. Thus the previous theorem and the Formula (2)
imply the following corollary.
Corollary 2.4. Let d be an odd positive square-free integer. Then h(Ld) is even
in the following two cases:
1. All the divisors of d are congruent to 1 (mod 8).
2. d is not prime.
3. The rank of the 2-class group of Ld
In this section, we study the rank of the 2-class group of Ld. Let us first collect
some results that will be useful in the sequel.
Lemma 3.1. The unit group of K is given by EK = 〈ζ8, ε2〉.
Proof. The field K = Q(ζ8) = Q(
√−1,√2) is a Galois extension of Q whose
Galois group is an elementary 2-group of order 4. We have, Q(
√
2) is the real
quadratic subfield of K with fundamental unit ε2 = 1 +
√
2, which is also a
fundamental unit of K. Thus by Theorem 42 of [14], the Hasse’s unit index is
equal to 1, i.e., [EK : EQ(
√
2)WK ] = 1, where WK is the set of roots of unity
contained in K. 
Lemma 3.2. Let d be an odd positive square-free integer.
1. If p is an unramified prime ideal of Ld/K, then, for all α ∈ K such that p is
unramified in K(
√
α),
(
α, d
p
)
= 1.
2. Let p be a rational prime dividing d and p be a prime ideal of K lying over p.
Then for all α ∈ K, such that p is unramified in K(√α), we have
(
α, d
p
)
=(
α, p
p
)
.
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3. For all α ∈ K such that every prime ideal p|d is unramified in K(√α), we have∏
p|d
(
α, d
p
)
= 1.
Proof. 1. Since the prime ideal p is unramified in Ld, then vp(d) = 0, hence(
α,d
p
)
=
(
d,α
p
)
=
(
α
p
)−vp(d)
= 1.
2. We have,
(
α,d
p
)
=
∏
q|d
(
α,q
p
)
=
(
α,p
p
)∏
q|d & q 6=p
(
α,q
p
)
. Since p contains a
unique rational prime, then p 6 |q, so p is unramified in Lq. By the first item we
have
(
α,q
p
)
= 1. So the second item.
3. This result is obvious.

To determine the rank of the 2-class group of Ld, we have to consider several
cases.
3.1. All the divisors of d are congruent to 3 (mod 8).
Begin by the following lemma which allows us to deduce the value of ed.
Lemma 3.3. Let p ≡ 3 (mod 8) be a rational prime, then
(
ε2, p
pK
)
= −1 and
(
ζ8, p
pK
)
=
−1, where pK is any prime ideal of K lying over p.
Proof. Note that pQ(i) and pQ(
√
2), the prime ideals of Q(i) and Q(
√
2) respectively
over p, are totally decomposed in K. As p is inert in both Q(i) and Q(
√
2), so if
pK is a prime ideal of K lying over pQ(i) and pQ(
√
2), then(
ζ8, p
pK
)
=
(
1+i, p
pK
)( 1√
2
, p
pK
)
=
(
1+i, p
pK
)(√
2, p
pK
)
=
(
1+i
pK
)(√
2
pK
)
=
(
1+i
pQ(i)
)( √
2
p
Q(
√
2)
)
= −
(
2
p
)2
= −1,
and
(
1+
√
2, p
pK
)
=
(
1+
√
2
pK
)
=
(
1+
√
2
p
Q(
√
2)
)
=
(
−1
p
)
= −1.

Theorem 3.4. Let d = p ≡ 3 (mod 8) be a rational prime, then the 2-class group
of Ld = Q(ζ8,
√
p) is trivial.
Proof. By Theorem 2.3, we have r2(d) = 2−1− ed = 1− ed, thus ed ∈ {0, 1}. But
according to Lemma 3.3, ed 6= 0. Hence, the 2-class group of Ld is trivial. 
Theorem 3.5. Let d = p1...pr be a non prime odd positive square-free integer
such that, for all i, pi ≡ 3 (mod 8). Then r2(d) = 2r − 2.
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Proof. Let pi a prime ideal of K lying over pi. By Lemma 3.2, we get
(
ζ8, d
pi
)
=(
ζ8, pi
pi
)
= −1 and
(
ε2, d
pi
)
=
(
ε2, pi
pi
)
= −1, so
(
ζ8ε2, d
pi
)
= 1. It follows that
ζ8 = ε2 and ed = 1. Since pi ≡ 3 (mod 8), so there are 2 prime ideals of K
lying over pi. Then the number of ramified prime ideals of K in Ld is 2r. Hence,
r2(d) = 2r − 1− 1 = 2r − 2. 
Remark 3.6. Note that Theorem 3.4 can be a special case of Theorem 3.5, but
since its proof is immediate, we separate it.
3.2. All the divisors of d are congruent to 5 (mod 8).
The following lemma is useful to deduce the value of ed in the case of this subsec-
tion.
Lemma 3.7. Let p ≡ 5 (mod 8) be a rational prime, then
(
ζ8, p
pK
)
= −1 and(
ε2, p
pK
)
= 1, where pK is any prime ideal of K lying over p.
Proof. Note that pQ(i) and pQ(
√
2), the prime ideals of Q(i) and Q(
√
2) respectively
over p, are totally decomposed in K. As p is decomposed in Q(i) and inert in
Q(
√
2), then: (
ζ8, p
pK
)
=
(
1+i, p
pK
)( 1√
2
, p
pK
)
=
(
1+i, p
pK
)(√
2, p
pK
)
=
(
1+i
pK
)(√
2
pK
)
=
(
(1+i)2
pQ(i)
)( √
2
p
Q(
√
2)
)
=
(
−2
p
)
= −1,
and
(
1+
√
2, p
pK
)
=
(
1+
√
2
pK
)
=
(
1+
√
2
p
Q(
√
2)
)
=
(
−1
p
)
= 1.

Theorem 3.8. Let d = p ≡ 5 (mod 8) be a rational prime. Then the 2-class
group of Ld = Q(ζ8,
√
p) is trivial.
Proof. By Theorem 2.3, we get r2(p) = 2 − 1 − e = 1 − e. So ed ∈ {0, 1}. But
according to Lemma 3.7, ed 6= 0. Hence r2(p) = 0. 
Theorem 3.9. Let d = p1...pr be a non prime odd positive square-free integer
such that, for all i, pi ≡ 5 (mod 8). Then r2(d) = 2r − 2.
Proof. For all i = 1, 2, · · · , r, put piOK = pi,1pi,2, then by Lemma 3.2, we have(
α, pi
pi,1
)
=
(
α, pi
pi,2
)
for all α ∈ K such that p is unramified in K(√α). On the other
hand, as ζ8 is not a norm in Ld/K, it follows that
(
ζ8, p
p
)
= −1, so(
ζ8ε2, p
p
)
=
(
ζ8, p
p
)(
ε2, p
p
)
= −
(
ε2, p
p
)
,
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with p is a prime ideal of K lying over p = pi. Thus, by Lemma 3.2, exactly one
element in the set {ε2, ζ8ε2} is a norm in Ld/K. Hence (EK : EK ∩ N(Ld)) = 2
and ed = 1. Therefore, r2(d) = 2r − 1− 1 = 2r − 2. 
3.3. All the divisors of d are congruent to 7 (mod 8).
We begin by the following lemma.
Lemma 3.10. Let p ≡ 7 (mod 8) be a rational prime, then
(
ε2, p
pK
)
= 1 and
(
ζ8, p
pK
)
=
1, where pK is any prime ideal of K = Q(ζ8) lying over p.
Proof. Note that pQ(i) and pQ(
√
2), the prime ideals of Q(i) and Q(
√
2) respectively
over p, are totally decomposed in K. Moreover, p is inert in Q(i) and decomposes
in Q(
√
2). So (
ζ8, p
pK
)
=
(
1+i, p
pK
)( 1√
2
, p
pK
)
=
(
1+i, p
pK
)(√
2, p
pK
)
=
(
1+i
pK
)(√
2
pK
)
=
(
1+i
pQ(i)
)(
2
p
Q(
√
2)
)
=
(
2
p
)(
2
p
)
= 1,
and
(
1+
√
2, p
pK
)
=
(
1+
√
2
pK
)
=
(
(1+
√
2)2
p
Q(
√
2)
)
= 1.

Theorem 3.11. Let p ≡ 7 (mod 8) be a rational prime. Then the 2-class group
of L = Q(ζ8,
√
p) is cyclic, (i.e., so r2(p) = 1).
Proof. By Theorem 2.3, we have r2(p) = 2 − 1 − e = 1 − e. Using Lemma 3.10,
ep = 0. Hence the 2-class group of L is cyclic. 
Theorem 3.12. Let d = p1...pr be an odd positive square-free integer such that,
for all i, pi ≡ 7 (mod 8). Then r2(d) = 2r − 1.
Proof. By Lemma 3.2, we have
(
α, d
pi
)
=
(
α, pi
pi
)
for all α ∈ K such that pi is
unramified in K(
√
α) and for all prime ideal pi of K lying above pi. Thus(
ζ8, d
pi
)
=
(
ζ8, pi
pi
)
= 1 and
(
ε2, d
pi
)
=
(
ε2, pi
pi
)
= 1.
From which we deduce that ed = 0. As pi ≡ 7 (mod 8), so there are only two
prime ideals of K lying over pi. Then, the number of ramified prime ideals of K
in L is 2r. Hence, r2(d) = 2r − 1. 
3.4. All the divisors of d are congruent to 1 (mod 8).
We begin by the 2-rank of the class group of Ld whenever d is a prime congruent
to 1 (mod 8).
Theorem 3.13 ([7]). Let d = p ≡ 1 (mod 8) be a rational prime, then r2(d) =
2 or 3. More precisely
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1. r2(d) = 3 if and only if p ≡ 1 (mod 16) and
(
2
p
)
4
=
(
p
2
)
4
.
2. r2(d) = 2 if and only if p ≡ 9 (mod 16) or
(
2
p
)
4
6= (p
2
)
4
.
Proof. Note that this theorem is also in [7], but here we demonstrate it differently.
Recall that, by Theorem 2.3, r2(d) = 4− 1− e = 3− e. Let p ∈ pQ(i) ⊂ pK be two
prime ideals of Q(i) and K respectively. We shall calculate
(
ζ8, p
pK
)
and
(
ε2, p
pK
)
.
We have (
ζ8, p
pK
)
=
(
1+i, p
pK
)( 1√
2
, p
pK
)
=
(
1+i
pK
)(√
2, p
pK
)
=
(
1+i
pK
)(√
2, p
pK
)
=
(
2
a+b
) (√
2, p
pK
)
,
where a and b are two integers such that p = a2 + b2 (see [19, page 154]). Since(
ε2
√
2, p
pK
)
=
(
ε2
√
2
pK
)
=
(
ε2
√
2
p
Q(
√
2)
)
= (−1) p−18 , where pQ(√2) is an ideal of Q(
√
2) lying
over p (see [12, page 21]), then(√
2, p
pK
)
= (−1) p−18
(
ε2, p
pK
)
= (−1) p−18
(
ε2
pK
)
= (−1) p−18
(
ε2
p
Q(
√
2)
)
.
On the other hand, by [15, page 323] and [19, page 160], we have:(
2
a+b
)
=
(
2
p
)
4
(
p
2
)
4
=
(
ε2
p
Q(
√
2)
)
.
Hence (
ζ8, p
pK
)
= (−1) p−18 and
(
ε2, p
pK
)
=
(
2
p
)
4
(
p
2
)
4
.
If ζ8 and ε2 are not norms in Lp/K, then ζ8 = ε2 in EK/(EK ∩ N(Lp)). In fact(
ζ8, p
pK
)
and
(
ε2, p
pK
)
are fix for all prime pK of K lying over p. So
(
ζ8ε2, p
pK
)
= 1. It
follows that ζ8ε2 = 1, then ζ8 = ε2. So the result. 
The following result is obvious.
Corollary 3.14. Let p ≡ 1 (mod 8) be a positive rational prime, then:(
ζ8, p
pK
)
= (−1) p−18 and
(
ε2, p
pK
)
=
(
2
p
)
4
(p
2
)
4
,
for all prime ideal pK of K lying over p. We have:
1. ε2 is a norm in Lp/K if and only if
(
2
p
)
4
=
(
p
2
)
4
.
2. ζ8 is a norm in Lp/K if and only if p ≡ 1 (mod 16).
Remark 3.15. Since
(
ζ8, p
pK
)
(resp.
(
ε2, p
pK
)
) is the same for all prime pK of K
lying over p, then ζ8 (resp. ε2) is a norm in Lp/K if and only if
(
ζ8, p
pK
)
= 1 (resp.(
ε2, p
pK
)
= 1), for some prime of K lying over p.
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Notation. In the sequel, we denote by
(
α, p
p
)
, the Hilbert symbol for any prime
ideal p of K lying over p.
The following remark is a simple deduction from the proof of Theorem 3.13.
Remark 3.16. Let p ≡ 1 (mod 8) be a rational prime. If ζ8 and ε2 are not norms
in Lp/K, then ζ8 = ε2 in EK/(EK ∩N(Lp)).
Lemma 3.17. Let d = p1...pr be an odd positive square-integer such that pi ≡ 1
(mod 8) for all i. Consider the four following assertions:
(a) ζ8 and ε2 are not norms, respectively, in Lpi/K and Lpj/K for some i 6= j.
(b) ζ8 is a norm in Lpj/K or ε2 is a norm in Lpi/K.
(c) ζ8 and ε2 are not norms in Ld/K.
(d) ζ8 6= ε2 in EK/(EK ∩N(Ld)).
We have, (a) and (b) hold if and only if (c) and (d) hold.
Proof. Assume that (a) and (b) hold. Then
(
ζ8, pi
pi
)
= −1 =
(
ε2,pj
pj
)
, where pi
(resp. pj ) is a prime ideal of K lying over pi (resp. pj). So(
ζ8, d
pi
)
=
(
ζ8, pi
pi
)
= −1 =
(
ε2, d
pj
)
=
(
ε2, pj
pj
)
,
thus (c). If
(
ε2, pi
pi
)
= 1, then
(
ζ8ε2, d
pi
)
=
(
ζ8ε2, pi
pi
)
=
(
ζ8, pi
pi
)(
ε2, pi
pi
)
= −1. Thus
ζ8ε2 6= 1. Hence ζ8 6= ε2. (We similarly treat the case
(
ζ8, pi
pi
)
= 1). So the
assertion (d).
Conversely, suppose (c) and (d) hold. Since ζ8 and ε2 are not norms in Ld/K,
then there exist i and j such that
(
ζ8,pi
pi
)
= −1 and
(
ε2,pj
pj
)
= −1, if this is verified
only for i = j, then
(
ζ8,pk
pk
)(
ε2,pk
pk
)
=
(
ζ8ε2,pk
pk
)
= 1 for all k. So ζ8ε2 is a norm
in Ld/K, which contradicts (d). Thus (a) holds. Suppose that (b) is not verified,
then for all i 6= j satisfying (a) and do not verify (b). Note that(
ζ8, pi
pi
)
=
(
ε2, pi
pi
)
= −1 =
(
ζ8, pj
pj
)
=
(
ε2, pj
pj
)
,
so for all k,
(
ζ8ε2,pk
pk
)
= 1, i.e.,
(
ζ8ε2, d
p
)
= 1 for all prime p of K ramified in Ld. It
follows that, ζ8ε2 is a norm in Ld/K, which contradicts (d). Thus (b) holds. 
Theorem 3.18. Let d = p1...pr, with r ≥ 2, be an odd positive square-free integer
such that ∀i ∈ I = {1, · · · , r}, pi ≡ 1 (mod 8).
1. r2(d) = 4r − 1⇐⇒ ∀i ∈ I, pi ≡ 1 (mod 16) and
(
2
pi
)
4
=
(
pi
2
)
4
.
2. r2(d) = 4r − 2 if and only if one of the following assertions holds:
i. ∀i ∈ I, pi ≡ 1 (mod 16) and ∃j ∈ I,
(
2
pj
)
4
6= (pj
2
)
4
,
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ii. ∃i ∈ I, pi ≡ 9 (mod 16) and ∀j ∈ I,
(
2
pj
)
4
=
(pj
2
)
4
,
iii. ∃(i, j) ∈ I2,
[
pi ≡ 9 (mod 16) and
(
2
pj
)
4
6= (pj
2
)
4
]
and for all these cou-
ples (i, j) satisfying the last condition,
[(
2
pi
)
4
6= (pi
2
)
4
and pj ≡ 9 (mod 16)
]
.
3. r2(d) = 4r − 3 if and only if there exist i 6= j ∈ I such that pi ≡ 9 (mod 16),(
2
pj
)
4
6= (pj
2
)
4
and
[(
2
pi
)
4
=
(
pi
2
)
4
or pj ≡ 1 (mod 16)
]
.
Proof. By Theorem 2.3, we have r2(d) = 4r − 1− ed. Then
- The first assertion is a result of Lemma 3.2, Corollary 3.14 and the fact that
ed = 0 if and only if ζ8 and ε2 are both norms in Ld/K,
- The second assertion is a result of Lemma 3.2, Corollary 3.14 and the fact that
ed = 1 if and only if {(ζ8 is a norm and ε2 is not) or (ζ8 is not a norm and ε2 is)
or (both ζ8 and ε2 are not norms and ε2 = ζ8)} and the Lemma 3.17,
- The last assertion is a result of Lemmas 3.2, 3.17 and the fact that ed = 2 if and
only if ζ8 and ε2 are not norms and ε2 6= ζ8. 
Let us close this section with some numerical examples.
Example 3.19.
1. For d = 73.89.97, we have 73 ≡ 89 ≡ 9 (mod 16), 97 ≡ 1 (mod 16), (73
2
)
4
=(
89
2
)
4
= − (97
2
)
4
= 1,
(
2
73
)
4
=
(
2
89
)
4
= − ( 2
97
)
4
= 1. Thus, by the third item of
Theorem 3.18, the rank of the 2-class group of Ld := Q(
√
2,
√−1,√73.89.97)
equals 4.3− 3 = 9.
2. For d = 73.89.113, we have 73 ≡ 89 ≡ 9 (mod 16), 113 ≡ 1 (mod 16),(
73
2
)
4
=
(
89
2
)
4
= − (113
2
)
4
= −1 and ( 2
73
)
4
=
(
2
89
)
4
=
(
2
113
)
4
= 1. So by
the second item of Theorem 3.18, the rank of the 2-class group of Ld :=
Q(
√
2,
√−1,√73.89.113) (resp. Q(√2,√−1,√73.113) ) is 4.3 − 2 = 10 (resp.
4.2− 2 = 6).
3. For d = 353.257.113, we have 353 ≡ 257 ≡ 113 ≡ 1 (mod 16) and (353
2
)
4
=(
257
2
)
4
=
(
113
2
)
4
=
(
2
353
)
4
=
(
2
257
)
4
=
(
2
113
)
4
= 1. So by the first item of The-
orem 3.18, the rank of the 2-class group of Ld := Q(
√
2,
√−1,√353.257.113)
(resp. Q(
√
2,
√−1,√257.113)) is 4.3− 1 = 11 (resp. 4.2− 1 = 7).
3.5. d is not a prime and its divisors are not in the same coset of Z/8Z. In
this subsection, we will make use of Lemmas 3.2, 3.3, 3.7, 3.10 and Corollary 3.14
to determine the rank of the 2-class group of Ld for any odd positive square-free
integer d. Since the number td of prime ideals of K ramified in Ld is determined
by the Theorem 2.3, we give the rank of the 2-class group of Ld in terms of td.
For this, consider the following notations:
• d is an odd positive square-free integer not prime whose divisors are not in the
same coset of Z/8Z, and d7 is the product of those divisors which are congruent
to 7 (mod 8).
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• Pk,n denotes the set of divisors of d which are congruent to k (mod n), and the
set of rational primes which are congruent to k (mod n), in the case of d has
no divisors that are congruent to k (mod n).
• pk,n is a prime ideal of K lying above an element pk,n of Pk,n
By Lammas 3.2 and 3.10, we deduce the following result.
Proposition 3.20. Let d and d7 be as above, then ed = e d
d7
and r2(d) = td−1−e d
d7
.
Theorem 3.21. Let d be an odd positive square-free integer as above.
1. If d is divisible by at least one prime p1 ∈ P3,8 and one prime p2 ∈ P5,8, then
r2(d) = td − 3.
2. If d is not divisible by any element of P5,8 but it is divisible by at least an
element of P3,8, then r2(d) = td − 2 or td − 3. More precisely, if d is divisible
by an element of P1,8, then
i. r2(d) = td − 2⇔ ∀p ∈ P1,8,
(
2
p
)
4
= 1.
ii. r2(d) = td − 3⇔ ∃p ∈ P1,8,
(
2
p
)
4
= −1.
Otherwise, we have r2(d) = td − 2.
3. If d is not divisible by any element of P3,8 but it is divisible by at least an
element of P5,8, then r2(d) = td − 2 or td − 3. More precisely, if d is divisible
by an element of P1,8, we have
i. r2(d) = td − 2⇔ ∀p ∈ P1,8,
(
2
p
)
4
=
(
p
2
)
4
.
ii. r2(d) = td − 3⇔ ∃p ∈ P1,8,
(
2
p
)
4
6= (p
2
)
4
.
Otherwise, we have r2(d) = td − 2.
4. If d is not divisible by any element of P3,8 ∪ P5,8, then r2(d) = td − 1 − e d
d7
,
where e d
d7
can be deduced from Theorems 3.13 and 3.18.
Proof. Recall that, by Formula (2), the rank of the 2-class group of Ld is r2(d) =
td − 1− ed.
1. By Lemmas 3.2 and 3.3, the units ζ8 and ε2 are not norms in Ld/K and(
ζ8ε2, d
p5,8
)
=
(
ε2, p5,8
p5,8
)(
ζ8, p5,8
p5,8
)
= −1, so ζ8 6= ε2 in EK/(EK ∩N(Ld)). Thus the
first item.
2. By Lemmas 3.2, 3.3 and Corollary 3.14, we have
(
ζ8, d
p3,8
)
= −1,
(
ε2, d
p3,8
)
= −1,(
ζ8, d
p1,8
)
= (−1) p1,8−18 and
(
ε2, d
p1,8
)
=
(
2
p1,8
)
4
(p1,8
2
)
4
. Hence ε2 is not a norm in
Ld/K, and so ed 6= 0, which implies that ed ∈ {1, 2}. We have
(
ζ8ε2, d
p1,8
)
=
(−1) p1,8−18
(
2
p1,8
)
4
(p1,8
2
)
4
=
(
2
p1,8
)
4
, thus ed = 1 if and only if ζ8 = ε2 in
EK/(EK∩N(Ld)) which is equivalent to
(
2
p
)
4
= 1, ∀p ∈ P1,8. So the two equiv-
alences in the second item. By Lemmas 3.10, 3.3, we get
(
ζ8, d
p7,8
)
=
(
ε2, d
p7,8
)
= 1
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and
(
ζ8, d
p3,8
)
=
(
ε2, d
p3,8
)
= −1, then if d is not divisible by any element of P1,8 we
obtain that ed = 1 and r2(d) = td − 2.
3. By Lemmas 3.2, 3.7 and Corollary 3.14, we have
(
ζ8,d
p5,8
)
= −1,
(
ε2,d
p5,8
)
= 1,(
ζ8,d
p1,8
)
= (−1) p1,8−18 and
(
ε2,d
p1,8
)
=
(
2
p1,8
)
4
(p1,8
2
)
4
. From which we infer that ζ8
is not a norm in Ld/K, so ed 6= 0. Thus ed ∈ {1, 2}. As
(
ζ8ε2,d
p5,8
)
= −1, then if
ε2 is not a norm in Ld/K, we obtain that ζ8 6= ε2 in EK/(EK ∩N(Ld)). Hence
ed = 1 if and only if for all p ∈ P1,8,
(
2
p
)
4
=
(
p
2
)
4
. So the third item.

We end this section with some numerical examples.
Example 3.22.
1. For d = 7.3.113 (resp. d = 7.3.17), we have
(
113
2
)
4
=
(
2
113
)
4
=
(
2
17
)
4
= 1. So by
the previous theorem the rank of the 2-class group of Ld = Q(
√−1,√2,√7.5.113)
(resp. Ld = Q(
√−1,√2,√7.5.17)) is 8− 2 = 6 (resp. 8− 3 = 5).
2. For d = 7.5.17 (resp. d = 7.5.113), we have
(
17
2
)
4
= − ( 2
17
)
4
=
(
113
2
)
4
=(
2
113
)
4
= 1. Thus, by the previous theorem the rank of the 2-class group of
Ld = Q(
√−1,√2,√7.5.17) is 8 − 3 = 5 (resp. Ld = Q(
√−1,√2,√7.5.113) is
8− 2 = 6).
3. For d = 7.17 (resp. d = 7.113), we have
(
17
2
)
4
= − ( 2
17
)
4
=
(
113
2
)
4
=(
2
113
)
4
= 1. Then, by the previous theorem the rank of the 2-class group
of Ld = Q(
√−1,√2,√7.17) is 6− 1− 1 = 4 (resp. Ld = Q(
√−1,√2,√7.113)
is 6− 1− 0 = 5).
4. Applications
In this section, we determine the integers d such that Cl2(Ld), the 2-class group
of Ld, is trivial, cyclic or isomorphic to Z/2Z × Z/2Z. For this, we need the
following results.
Proposition 4.1 ([17]). Let L/K be a V4-extension of CM-type, then
h(L) =
QL
QK1QK2
· ωK
ωK1ωK2
· h(K1)h(K2)h(L
+)
h(K)2
·
Where K1, K2, L
+ are the three sub-extensions of L/K, with K1 and K2 are CM .
Lemma 4.2 ([20]). The rank of the 2-class group of k = Q(
√
d, i) equals:
• s+ s0 if d is even and p ≡ 1 mod 8, for all p ∈ S0.
• s+ s0 − 1 if d is even and there is p ∈ S0 such that p ≡ 5 mod 8,
or d is odd and p ≡ 1 mod 8, for all p ∈ S0.
• s+ s0 − 2 if d is odd and there is p ∈ S0 such that p ≡ 5 mod 8.
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Where s = #S and S is the set of odd primes that are ramified in Q(
√
d),
s0 = #S0 and S0 is the subset of S that contains all primes congruent to 1 mod 4.
4.1. Fields Ld whose 2-class group is trivial or cyclic. Using Theorem 2.3
and the theorems in the previous sections, one can easily deduce the following
results.
Theorem 4.3. The 2-class group Cl2(Ld) of Ld is trivial if and only if d is a
prime integer congruent to either 3 or 5 (mod 8).
Theorem 4.4. The 2-class group Cl2(Ld) of Ld is cyclic nontrivial if and only if
d has one of the following forms:
1. d = q ≡ 7 (mod 8) is a prime integer.
2. d = qp, where q ≡ 3 (mod 8) and p ≡ 5 (mod 8) are prime integers.
4.2. Fields Ld whose 2-class group has rank 2. By Theorem 2.3 and the
theorems in the previous sections, we easily deduce the following results.
Theorem 4.5. The rank of the 2-class group Cl2(Ld) of Ld equals 2 if and only
if d takes one of the following forms.
1. d = q1q2, with q1 ≡ q2 ≡ 3 (mod 8).
2. d = p1p2, with p1 ≡ p2 ≡ 5 (mod 8).
3. d = q1q2, with q1 ≡ 3 (mod 8) and q2 ≡ 7 (mod 8).
4. d = pq, with p ≡ 5 (mod 8) and q ≡ 7 (mod 8).
5. d = p, with p ≡ 1 (mod 8) and
[
p ≡ 9 (mod 16) or
(
2
p
)
4
6= (p
2
)
4
]
.
We now determine the integers d for which the 2-class group of Ld is of type
(2, 2). For this we need the following results. Denote by q(Ld) = q(Ld/Q) =
[ELd :
∏7
i=1Eki] the index of the unit group of Ld modulo the subgroup generated
by the units of the quadratic subfields ki, i = 1, 2, · · · , 7, (over Q) of Ld, where
ELd (resp. Eki) is the unit group of Ld (resp. ki).
Lemma 4.6. Let p ≡ 5 (mod 8), q ≡ 7 (mod 8) be positive prime integers and
Ld = Q(
√
pq,
√
2, i). Then {ε2, εpq,√εpqε2pq} is the fundamental system of units
of both Ld and L
+
d = Q(
√
pq,
√
2), i.e., QLd = 1. Moreover,
1. ELd = 〈ζ8, ε2, εpq,√εpqε2pq〉.
2. q(Ld) = 4.
Proof. Let ε2pq = x + y
√
2pq and εpq = a + b
√
pq be the fundamental units of
Q(
√
2pq) and Q(
√
pq) respectively. It is well known that N(ε2pq) = N(εpq) = 1.
Then a2 − 1 = b2pq and x2 − 1 = 2y2pq. Hence the unique prime factorization in
Z implies that one of the numbers: x± 1 (resp. (a± 1)), p(x± 1) (resp. p(a± 1))
and 2p(x± 1) (resp. 2p(a± 1)) is a square in N. We claim that x+1, a+1, x− 1
and a− 1 are not squares in N, otherwise we get for b = b1b2 and y = y1y2{
a± 1 = b21
a∓ 1 = pqb22 and
{
x± 1 = y21
x∓ 1 = 2pqy22.
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Hence 1 =
(
b21
p
)
=
(
a±1
p
)
=
(
a∓1±2
p
)
=
(
±2
p
)
=
(
2
p
)
= −1 and 1 =
(
y21
p
)
=(
x±1
p
)
=
(
x∓1±2
p
)
=
(
±2
p
)
=
(
2
p
)
= −1, which is absurd. Thus by [9, Proposition
3.3] {ε2, εpq,√εpqε2pq} is the fundamental system of units of both Ld and L+d . So
ELd = 〈ζ8, ε2, εpq,√εpqε2pq〉. As
∏7
i=1Eki = 〈i, ε2, εpq, ε2pq〉, so q(Ld) = 4. 
Lemma 4.7. Let q1 ≡ 3 (mod 8), q2 ≡ 7 (mod 8) be positive prime integers and
Ld = Q(
√
q1q2,
√
2, i). Then {ε2, εq1q2 ,√εq1q2ε2q1q2} is the fundamental system of
units of both Ld and L
+
d = Q(
√
q1q2,
√
2), i.e., QLd = 1. Moreover,
1. ELd = 〈ζ8, ε2, εq1q2,√εq1q2ε2q1q2〉.
2. q(Ld) = 4.
Proof. We proceed as in the proof of Lemma 4.6 by using [8, Proposition 3.1]. 
Our first main theorem of this subsection is as follows.
Theorem 4.8. Let p ≡ 1 mod 8 be a positive prime integer, Lp = Q(√p,
√
2, i)
and Cl2(Lp) its 2-class group, then
Cl2(Lp) = (2, 2) if and only if p ≡ 1 mod 16 and
(
2
p
)
4
6=
(p
2
)
4
.
Moreover, h2(Lp) = h2(−2p) if and only if
(
2
p
)
4
6= (p
2
)
4
.
Proof. Consider the following diagram:
Q(
√
2)
L+p = Q(
√
p,
√
2) K1 = Q(
√
2,
√−p)K2 = Q(
√
2, i)
Lp = Q(
√
2,
√
p, i)
Figure 1. Lp/Q(
√
2).
By Kuroda’s class formula (see [18]), we have:
h(Lp) =
QLp
QK1QK2
ωLp
ωK1ωK2
h(L+p )h(K1)h(K2)
h(Q(
√
2))
·
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It follows that h(Lp) =
QLp
QK1QK2
1
2
h(L+p )h(K1)h(K2). As QLp = 1 (see [7]) and
QK2 = 1 (see Lemma 3.1), so
h(Lp) =
1
2QK1
h(L+p )h(K1).
= 1
2QK1
h(L+p )
1
2
QK1h2(−p)h2(−2p)
= 1
4
h(L+p )h2(−p)h2(−2p).
Recall, by [10], that h2(−p) = 4 if and only if
(
2
p
)
4
6= (p
2
)
4
. There are two cases
to distinguish.
- If
(
2
p
)
4
6= (−1) p−18 , then [16, Theorem 2] implies that h(L+p ) is odd, so
h2(Lp) =
1
4
h2(−p)h2(−2p).
As h2(−p) = 4, then h2(Lp) = h2(−2p). And from [21] we deduce that h2(−2p) =
4 if and only if
(
p
2
)
4
= 1.
- If
(
2
p
)
4
=
(
p
2
)
4
= −1, then [7, Theorem 10] implies that the rank of the 4-class
group is equal to 1, and from Theorem 3.13 we infer that h2(Lp) is divisible by
8. Thus Cl2(L2) 6= (2, 2). Which achieves the proof.

Corollary 4.9. Let p ≡ 1 mod 8 be a prime integer such that
(
2
p
)
4
6= (p
2
)
4
.
Then:
1. h(−2p) is divisible by 4.
2. If
(
2
p
)
4
= 1, then h(−2p) is divisible by 8.
Proof. By Theorem 3.13, the rank of the 2-class group of Lp is 2, thus h(Lp) is
divisible by 4. Since h(Lp) = h(−2p)(see the previous theorem), then h(−2p) is
divisible by 4. So the first item. The second item is a result of the first item of
the previous theorem. 
Remark 4.10. The results of the previous corollary are well known, but we quote
them here as consequences of our theorems.
Proposition 4.11. Let d = p1p2, where p1 ≡ p2 ≡ 5 (mod 8) are positive prime
integers. Then h2(Ld) ≡ 0 (mod 8) and Cl2(L2) 6= (2, 2).
Proof. Consider the following diagram:
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Q(i)
K3 = Q(
√
d, i) K1 = Q(
√
2d, i)K2 = Q(
√
2, i)
Ld = Q(
√
2, i,
√
d)
Figure 2. Lp1p2/Q(i).
So by Kuroda’s class number formula we have:
h(Ld) =
1
4
Q(Ld/Q(i))h2(K1)h2(K2)h2(K3)/h2(Q(i))
2
= 1
4
Q(Ld/Q(i))h2(K1)h(K3).
Using Lemma 4.2, we get 8 divides h2(K1) and 4 divides h2(K3). Hence, 8 divides
h2(Ld) and Cl2(Ld) is not elementary(see Theorem 4.5). 
Proposition 4.12. Let d = q1q2, where q1 ≡ q2 ≡ 3 (mod 8) are positive prime
integers. Then h2(Ld) ≡ 0 (mod 8) and Cl2(L2) 6= (2, 2).
Proof. Similar to the proof of the previous proposition, we get:
h(Ld) =
1
4
Q(Ld/Q(i))h(K1)h(K3),
where K1 = Q(
√
q1q2, i) and K2 = Q(
√
2q1q2, i). As h(K1) is divisible by 2 (see
Lemma 4.2) and h(K2) is divisible by 16 (see Lemma 4.2 and [2, 6]). Hence h(Ld)
is divisible by 8. So the result. 
Theorem 4.13. Let d = pq where p ≡ 5 (mod 8) and q ≡ 7 (mod 8) are positive
prime integers. Then:
Cl2(Ld) = (2, 2) if and only if
(
p
q
)
= −1,
otherwise, h2(Ld) ≡ 0 (mod 16).
Proof. Suppose that
(
p
q
)
= −1, so by the class number formula, we have :
h2(Ld) =
1
25
q(Ld)h2(pq)h2(−pq)h2(2pq)h2(−2pq)h2(2)h2(−2)h2(−1)
= 1
25
q(Ld)h2(pq)h2(−pq)h2(2pq)h2(−2pq)
= 1
25
q(Ld).2.2.2.4 (see [15, 13])
= q(Ld).
Hence, Lemma 4.6 implies that h2(Ld) = q(Ld) = 4. For the converse, suppose
that
(
p
q
)
= 1. As q(Ld) = 4 (Lemma 4.6), so the class number formula and [15]
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imply that
h2(Ld) =
1
25
q(Ld)h2(pq)h2(−pq)h2(2pq)h2(−pq)h2(2)h2(−2)h2(−1)
= 1
2
h2(−pq)h2(−2pq).
Since h2(−pq) (resp. h2(−2pq)) is divisible by 4 (resp. 8), then h2(Ld) is divisible
by 16. So the result. 
Theorem 4.14. Let d = q1q2, where q1 ≡ 3 (mod 8) and q2 ≡ 7 (mod 8) are
positive prime integers. Then:
Cl2(Ld) = (2, 2) if and only if
(
q1
q2
)
= −1,
otherwise, h2(Ld) is divisible by 16.
Proof. Suppose that
(
q1
q2
)
= −1. By class number formula
h2(Ld) =
1
25
q(Ld)h2(q1q2)h2(−q1q2)h2(2q1q2)h2(−2q1q2)h2(2)h2(−2)h2(−1)
=
1
25
q(Ld)h2(q1q2)h2(−q1q2)h2(2q1q2)h2(−2q1q2)
=
1
25
q(Ld).1.4.2.4 (see [15])
= q(Ld).
Hence, by Lemma 4.7, h2(Ld) = q(Ld) = 4. For the converse, suppose that(
p
q
)
= 1. As q(Ld) = 4, then by class number formula and [15] we have
h2(Ld) =
1
25
q(Ld)h2(q1q2)h2(−q1q2)h2(2q1q2)h2(−q1q2)h2(2)h2(−2)h2(−1)
=
1
4
h2(−q1q2)h2(−2q1q2).
Since h2(−q1q2)(resp. h2(−2q1q2)) is divisible by 8 (see [15, 13]), then h2(Ld) is
divisible by 16, so the result. 
By Theorems 4.8, 4.13 and 4.14, we get the following result.
Theorem 4.15. Let d be an odd positive square-free integer. The 2-class group
of Ld = Q(
√
d,
√
2, i) is of type (2, 2) if and only if d takes one of the following
forms:
1. d = pq, with p ≡ 5 (mod 8), q ≡ 7 (mod 8) and
(
p
q
)
= −1.
2. d = q1q2, with q1 ≡ 3 (mod 8), q2 ≡ 7 (mod 8) and
(
q1
q2
)
= −1.
3. d = p, with p ≡ 1 (mod 16) and
(
2
p
)
4
6= (p
2
)
4
.
We have the following numerical examples.
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Example 4.16.
1. The 2-class group of the fields Q(
√
21,
√
2, i) and Q(
√
35,
√
2, i) is of type (2, 2).
2. The 2-class group of the field Q(
√
19.23,
√
2, i) is of type (2, 2). Whereas, that
of Q(
√
19.31,
√
2, i) is not, since the 2-part of its class number is divisible by
16. In fact
(
19
31
)
4
= − (19
23
)
4
= 1.
3. The 2-class group of Q(
√
17,
√
2, i) is of type (2, 2). In fact
(
2
17
)
4
=
(
17
2
)
4
= −1.
4.3. The 2-part of the class number of some biquadratic fields. In this
section we use the previous results to compute the 2-part of the class number of
some biquadratic fields
Proposition 4.17. Let p be a prime integer, K1 = Q(
√
2p, i) and QLp the unit
index of Lp/Q(i), then h2(K1) = 2 and Q(Lp/Q(i)) = 2 if p ≡ 3 or 5 (mod 8).
Proof. Since Lp is the genus field ofK1, [Lp : K1] = 2 and h2(Lp) = 1(see Theorem
3.4), then by the class field theory, we have h2(K1) = 2. Consider the following
diagram.
Q(i)
K3 = Q(
√
p, i) K1 = Q(
√
2p, i)K2 = Q(
√
2, i)
Lp = Q(
√
2,
√
p, i)
Figure 3. Lp/Q(i).
Assume that p ≡ 3 (mod 8), then the Kuroda’s class number formula implies
that h(Lp) =
1
4
Q(Lp/Q(i))h(K1)h(K2)h(K3)/h(Q(i))
2. By Lemma 4.2, we have
1 = 1
4
Q(Lp/Q(i))h2(K1). So Q(Lp/Q(i)) = 2. We proceed similarly if p ≡ 5
(mod 8). 
Theorem 4.18. Let d = pq such that p ≡ 5 (mod 8) and q ≡ 7 (mod 8), then:
h2(Ld) = h2(k),
with k = Q(
√
2,
√−d). Moreover,
Cl2(k) = (2, 2) if and only if
(
p
q
)
= −1.
Proof. Applying the class number formula on the extension Ld/Q(
√
2), we get:
h2(Ld) =
QLd
QkQK1
1
2
h2(L
+
d )h2(k),
with K1 = Q(
√
2, i). By Kuroda’s class number formula
h2(L
+
d ) =
1
4
q(L+d )h2(pq)h2(2pq) =
1
4
.2.2.2 = 2,
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(see Corollary 4.6 and [15]). By Lemma 3.1 and Corollary 4.6 (resp. [1, Propo-
sition 3]), we have QLd = QK1 = 1 (resp. Qk = 1). Thus h2(Ld) = h2(k). As the
rank of the 2-class group of k is 2 (see [20, Proposition 2]), we easily deduce the
result by Theorem 4.13. 
Remark 4.19. With the same assumptions as in the previous theorem we get:
1. h2(k) = 4 if and only if
(
p
q
)
= −1.
2. h2(L
+
d ) = 2 with L
+
d = Q(
√
2,
√
d).
Theorem 4.20. Let d = q1q2 such that q1 ≡ 3 (mod 8) and q2 ≡ 7 (mod 8), then
h2(Ld) =
1
2
h2(k),
with k = Q(
√
2,
√−d). Moreover,
Cl2(k) = (2, 2, 2) if and only if
(
q1
q2
)
= −1.
Proof. Proceed as in the proof of the previous theorem we get
h2(Ld) =
QLd
QkQK1
1
2
h2(L
+
d )h2(k).
By Kuroda’s class number formula:
h2(L
+
d ) =
1
4
q(L+d )h2(q1q2)h2(2q1q1) =
1
4
.2.1.2 = 1 (see Lemma 4.7 and [15]).
By Lemma 3.1 and Corollary 4.7 (resp. [1, Proposition 3] ) we haveQLd = QK1 = 1
(resp. Qk = 1). Thus h2(Ld) =
1
2
h2(k). Since the rank of the 2-class group of k is
3 ([20, Proposition 4]), so the result by Theorem 4.14. 
Remark 4.21. With the same assumptions of the previous theorem we get
1. h2(k) = 8 if and only if
(
q1
q2
)
= −1.
2. h2(L
+
d ) = 1 with L
+
d = Q(
√
2,
√
d).
Remark 4.22. The cases where Cl2(Ld) is of type (2, 4), rank(Cl2(Ld)) = 3 and
Cl2(Ld) is of type (2, 2, 2) require a special study, they will be published in a
forthcoming paper.
5. Appendix
Let d be an odd positive square-free integer. Consider the field Ld = Q(ζ8,
√
d),
it is known that Ld = Q(
√
i,
√
d) = Q(i,
√
2,
√
d). Using the primitive element
theorem, we get Ld = Q(α) with α =
√
d+
√
i, and one can easily show that the
polynomial
Pd(X) = X
8 − 4dX6 + (6d2 + 2)X4 + (−4d3 + 12d)X2 + (d4 + 2d2 + 1),
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is an annihilator polynomial of α of degree 8, so it is irreducible. Since
√
i = eipi/4
and
√
i = −eipi/4, then α1 =
√
d + eipi/4 and α2 =
√
d − eipi/4 are two roots of Pd.
As Pd(X) = Qd(X
2) and Pd is of real coefficients, it follows that the roots of Pd
are:
x x −x −x
α1 =
√
d+ eipi/4
√
d+ e−ipi/4 −√d− eipi/4 −√d− e−ipi/4
α2 =
√
d− eipi/4 √d− e−ipi/4 −√d+ eipi/4 −√d+ e−ipi/4
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